The amplitude a t which a single unstable Langmuir or ion-acoustic wave in a collisionless plasma saturates due to electron trapping is estimated using both the adiabatic and sudden approximations, and is shown to obey the approximate relation ~~^3~~~~. This is found from momentum conservation. I t is found that energy conservation implies a nonlinear dispersion relation that is linearly independent of that derived from Poisson's equation, but that a reasonable distribution of resonant particles can be found that satisfies both relations.
I. INTRODUCTION
Recently, Fried et a1.I have found that the saturation amplitude of a single wave: growing due to the bumpin-tail instability, satisfies the relation WbeW' 3.2' yun, where wbe is the electron bounce frequency, and ylin the linear growth rate. The method used was a hybrid one of numerical simulation in the resonant region, and analytic calculation in the nonresonant region. In order to generalize their result to other kinetic (i.e., nonbeam type) instabilities (such as ion-acoustic instabilities), it is desirable to have a purely analytic method of estimating the saturation amplitude. I t is desirable to know the numerical coefficient in the expression fairly accurately, as the final electric field energy goes as the fourth power of wi,, and is therefore rather sensitive to its value. In Sec. I11 we show that a fairly accurate derivation may be obtained using momentum conservation, and the adiabatic invariant method of Best.3 For comparison we also use the sudden approximation method of Manheimer and Flynn; which provides an estimate of the maximum effect of nonadiabaticity.
Similar methods were previously used6 for calculating the nonlinear frequency shift due to trapped particles by calculating the nonlinear charge density, and using Poisson's equation. In Sec. VI it is shown that energy conservation also leads to a frequency shift, as also noted by Morales and O'Neil? but that this frequency shift, in general, is different from that derived from Poisson's equation. This paradox is resolved by constructing a distribution such that both shifts are equal.
Section IV is devoted to a discussion of the saturation of an ion-acoustic wave driven unstable by electron drift. I t is found that the saturation level is very low. In Sec. V a weak dc electric field is included in the analysis, and it is found that growth of the wave is unable to prevent the electrons from freely accelerating.
The problem of finding the exact time-asymptotic state of a plasma supporting the growth of a monochromatic wave is, fairly clearly, intractable by analytic methods, as there exists no useful constant of the motion. One needs to know the full history of the wave potential, and to solve the particle equations of motion exactly in this potential. However, we can go a long way using approximate techniques. This is especially true of the nonresonant particles which traverse the wave crests at frequencies comparable to the wave frequency w. If the growth rate y of the wave is much less than w, then the nonresonant particles respond adiabatically, and their adiabatic invariant3 is conserved to all orders in y /~.
For the resonant particles, however, the situation is not so clear. Numerical experiments indicate that, provided the wave amplitude changes reasonably smoothly, the adiabatic invariant is a much better constant of the motion than the total particle energy W, even through t r a~p i n g .~ However, this can at best be only a qualitative statement, since the validity of the adiabatic theory requires wb>>m, which is never really satisfied. Thus, we may use adiabatic theory as a model, but we should try to estimate the possible error by also using a different model. Such an altemative is provided by the "sudden" model, in which the wave is imagined to be switched on suddenly at its final amplitude? This is clearly valid only if tfiw<<yiin. The real situation is thus between the two extremes.
THE AVERAGE MOMENTUM DENSITY
Denote by p and G the mass and momentum densities, respectively, where S. sums over particle species (assuming, for the time being, that different species obey the same approximations). Then, where ( ) denotes spatial averaging, vp is wave-phase velocity, W is the wave-frame particle energy, w + e < j > , (u=v-vp) , and D(W) is the difference between the distribution functions for particles with positive and negative wave-frame velocities I t should be emphasized that Eq. (2) is exact in the time-asymptotic, saturated state, the only problem being to find D(W). In the adiabatic approximation, for a monotonically increasing wave amplitude we have,6s8
where is an adiabatic invariant of the particle motion, 9 denoting the unit step function. The reason D(W) = 0 for trapped particles is because of complete phase mixing in the final state. If the amplitude overshoots before coming down to its asymptotic value, then some phase mixing will occur for the untrapped particles as well, and D(W) will be reduced near the separatrix. Subtracting the initial momentum density, for the change A(G) (which we shall ultimately set equal to zero) we find
We asymptotically evaluate the integrals in Eq. (6) by splitting the range of integration into an inner (resonant) region and an outer (nonresonant) region where Wi=O(41/4) is an arbitrary parameter. We will see that contributions from the two regions combine so that the total is independent of WI at each order. Thus, Eqs. (4) and (6) give where it has been assumed that (4) = 0 in asymptotically evaluating u{W). I t is a fortunate accident that the first integral in Eq. (8) can be evaluated analytically using the definitions, Eqs. (5) and (7)) and interchanging the operations f dW and ( ). We also use the sinusoidal approximation in evaluating the contribution from the lower limit, which is valid because harmonics are 0(43/2), and therefore do not contribute in lowest order. Hence, The terms in { 1 sum to be independent of WI, giving I t is easily seen that the 0(@) term is just the expected momentum gain of the nonresonant particles Nk,O where N is the action density (87r)-1((V$)2)dt,/!?m, 6, being the real part of the dielectric constant. The first term in Eq. (9) is the momentum gain of the resonant particles, and is negative for an unstable wave because the resonant particles must lose momentum to the nonresonant particles in exciting the wave.
Assuming that no external forces act on the plasma, the final and initial average momentum densities are equal. Thus, A(G)=O. We see from Eq. (9) that this is only possible if fo'(.vp) = O(<^>w). Since $I is supposed to be a small quantity, fi(vp) must be small in vthe/vp (in the plasma wave case) or vp/vtha (in the ion-acoustic case). The exact ordering of these quantities with respect to can only be found a posteriori, however, from the saturation condition. I t appears that it was failure to recognize this point that led Bests to the conclusion that momentum conservation required some additional effect, not included in his analysis.
THE SATURATION CONDITION
Setting A(G)=O, Eq. (9) can be written (the sinusoidal approximation being valid also for calculating (@)=&max2
Nk= E 2-/Nk(128/9*wb), (10) J where a^k(e.~5),,,~~'^/m~/~ is the bounce frequency of species s, and is the contribution of species s to the linear growth rate. The physical interpretation of Eq. (10) is clear: Wave momentum is initially generated at the rate Nk= x, 2fNk, but the resonant particles can only keep this up for a bounce period rpwi,-l. For longer times, the right-hand side goes to zero, and, integrating over time, we find Eq. (10) to within a factor of order unity. Neglecting any contribution due to the ions, we thus have, from Eq. (lo), we= (256/9+')7.. (12) The numerical factor is approximately equal to 2.88, and is quite close to the 3.2 found by Fried et aL1
In order to place a rough upper bound on the effect of nonadiabaticity, we may use the sudden approximation6 to provide an alternative distribution of resonant (but untrapped) particles. To lowest order, we have, for small W,
Dsud(w)=2fo'(~p)/m@'(w).
This may be compared with the corresponding expressions used in Eq. (8)
These three functions are graphed in Fig. 1 . The true distribution presumably lies mostly between the sudden and adiabatic distributions, being close to the sudden near the separatrix [W= where the transit time is long compared with 7-l, but rapidly going over into the adiabatic as W, and hence the transit frequency, increases. To estimate where the adiabatic approximation becomes reasonable, we set the transit frequency equal to e y . I t happens that this occurs when Dmd{W) =Â¥\/2 in the units of Fig. 1. I t is seen that this corresponds to Wwl.OS(erf~)~~, i.e., a point very close to the separatrix. Actually, since the amplitude overshoots the saturation value by about and subsequently oscillates about it, there will be some temporary trapping of particles with W> and hence some extra phase mixing of the just untrapped particles. Thus the true time-asymptotic difference distribution in this region is probably below even Dsud(W), perhaps accounting for most of the 10% difference between our adiabatic result, and that of Fried et a1.l The damped amplitude oscillations1 have a frequency -wb and are clearly due to some back and forth interchange of momentum between the trapped particles and the wave before phase mixing is completed. But for their short life and small amplitude, they would produce large resonant breaking of the adiabatic invariant. Similar oscillation^^^ are seen in beam instabilities; however, their amplitude is much larger, and we would not expect the adiabatic approximation to be even qualitatively correct in this case.
The integral giving the momentum change of the resonant particles must be evaluated numerically in the sudden case, the result being that the factor of 2.88 is replaced by 3.93. Thus the result of Fried et a2.l is indeed between those derived from the adiabatic and sudden approximations, being rather closer to the adiabatic.
FIG. 1. The difference distributions Dad(W) and DSud(W),
produced by adiabatic and sudden excitation of the wave, in units of 2 f l ( e l 1 > )~m -~/ 2 / 0 ' ( v~) , plotted against wave-frame particle energy W , in units of (Ã §^)ma, The momentum loss of the resonant particles is proportional to the area between the DO curves and the Dad or Daud curves.
IV. ION-ACOUSTIC WAVES
I t is interesting to discuss the application of these results to the saturation of an unstable ion-acoustic wave. There is some confusion in the literature" as to the possibility of satisfying momentum conservation, owing to the addition of the constraint (7) = const, where j is the electric current. However, this constraint is unnecessary, and comes from placing too much reliance on the relation 9E/Qt+4rj=O. I t is perfectly consistent with Poisson's equation to add the term 41r(j) on the right-hand side of the equation. Indeed, this is just cV x B in one of Maxwell's equations, the reason it is finite even in the electrostatic approximation being the factor c multiplying it. We conclude that there is no physical reason why spontaneous changes in ( j ) cannot occur-the nonequilibrium plasma simply acts as a source of electromotive force. In this section we suppose the ends of the plasma to be in perfect electrical contact, so there is no dc electric field.
Note that the saturation due to electron trapping occurs in a time comparable to which is much shorter than an ion bounce time. The omission of the ion contribution in Eq. (12) Dawson et al.12 by the cruder method of flattening the velocity distribution (in the manner of quasilinear theory) over a trapping width, and using energy conservation. Since we find Sn/n going as (wz/M)~, the saturation level determined by trapping is very small. This is consistent with the idea of Nishikawa and Wu13 that electron trapping can saturate ion-acoustic instabilities when the bounce frequency becomes comparable to (vfi/v&, where vth= (Te/m)lI2, vtr=olbe/k, and v is the electron-ion collision frequency, provided that this level is higher than that predicted by Eq. (13). Actually, it is not clear that trapping will completely suppress the instability, since even if W , > > ( V~/ V~~)~V , collisions will tend to diffuse new particles into the trapping region, thus liberating more momentum, and amplifying the wave.14 The growth rate due to the electrons will certainly be much reduced, though, and there will still be ion Landau damping, so that the total growth rate may become negative. I t should also be remarked that our assumed monochromatic wave is unstable against side-band instabilities due to trapped particles, but the growth rates15 for these instabilities are of the order of ubi, and hence the wave remains monochromatic on the timescale for electron trapping.
V. EFFECT OF ELECTRIC FIELD
In the preceding section we considered the effect of electron drift upon ion-acoustic waves, but neglected the effect of the electric field that would, in general, be needed to produce the drift. This question is addressed in the present section. We shall work within the adiabatic approximation, suitably modified to include the effect of a weak dc electric field Eo<<k<Amax (where cji is, as before, only the ac part of the potential). The trapped particles still oscillate in wells that are stationary in the wave frame, so ordinary adiabatic invariant theory is adequate for them [and, anyway, they (14) where X(t) is the running time average of the particle position, and u(W), W, and vp have an implicit slow time dependence. Lagrange's equation of motion for X is simply
Suppose that Eo was switched on at t = 0, but integrate Eq. (15) from t= -co (when the adiabatic growth of the wave started). Then, the initial particle velocity is found to be vo= [vP- (e/m)Ed]+sgn(u)W).
Hence Eq. (4) is modified by simply replacing vp with vpÃ (e/m)Eot, or, equivalently, replacing fo(v) with fd(v,t)=f~(v-eEot/m), i.e., with the distribution expected if the particles freely accelerate." Furthermore, since we assume average charge neutrality, we may still use momentum conservation, and also we may calculate the initial momentum using fd(v, t) instead of fo (v) . Thus, the analysis of the preceding sections is completely unchanged except for replacing fo with fd. Hence, Eq. (13) is unchanged if vd is interpreted as the instantaneous drift arising from the acceleration. Also, the current in the plasma, as found by adapting Eq. (9), is approximately given by Thus, the trapped electrons reduce the current, and give rise to an anomalous resistivity. However, this is easily seen from Eq. (13) not to be appreciable while vd remains of the order of C.. Thus we come to the, not very surprising, conclusion that a single weakly unstable wave cannot produce appreciable anomalous resistivity.
VI. ENERGY CONSERVATION
In Sec. I11 we used momentum conservation to give us the saturation condition for the amplitude of a plasma wave. where e(k, u) is the real part of the linear dielectric constant This is to be compared with the nonlinear dispersion relation previously derived by the author5 from Poisson's equation
It is seen that the nonlinear frequency shifts implied by Eqs. (21) and (22) are linearly independent functionals of ff/(W), and are thus, in general, not equal. This seemingly paradoxical result is not really surprising, since application of the energy conservation constraint implies that the wave arose spontaneously, without the aid of an external driving field, whereas use of Poisson's equation makes no such assumption, and covers the wider class of final distributions that violate energy conservation. In the case of an unstable wave, the true distribution should satisfy Eqs. 
c being a constant adjusted to make A(p)=O, and approximately given by c= -0.125(2/3)1%r. I t was found possible to satisfy both Eqs. (21) and (22) simultaneously with a=0.78. This shows that the true time-asymptotic distribution function arising from a kinetic instability is much closer to the adiabatic than to the sudden distribution. The correction factor a defined in Ref. 5 is found to be given by a=0.84 for the new distribution, compared with a=0.77 for the purely adiabatic distribution.
VII. CONCLUSION
We have shown that saturation of a monochromatic wave can be adequately discussed by analytic methods, and that there is evidence that the adiabatic approximation is rather better than the sudden approximation. I t has been verified that electron trapping tends to keep ion acoustic waves at a low level, within the monochromatic model at least.
